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The Mittag--Leffler function naturally occurs as the solution of fractional order differential equations. The various generalization of Mittag--Leffler function have been defined and studied by different authors.
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Further, the generalization of ([2](#Equ2){ref-type=""}) is also given by Khan and Ahmed ([@CR1]), as follows:$$\documentclass[12pt]{minimal}
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Here, the convergence conditions of ([3](#Equ3){ref-type=""}) have been modified, which was given by Khan and Ahmed ([@CR1]).

The following well-known notations and definitions have been used:
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Miller and Ross ([@CR3]) defined the following:
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Khan and Ahmed ([@CR1]) proved the following result.
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Main results {#Sec2}
============

Using the definition ([4](#Equ4){ref-type=""}), one can easily prove following lemma.

**Lemma 1** {#FPar1}
-----------
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-----
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                \begin{document}$$\begin{aligned} & \left( D_{a + }^{r} \left[(t - a)^{\beta - 1} E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} \{ w(t - a)^{\alpha } \} \right)(x)\right. \\ & \quad = \left( {\frac{d}{dx}} \right)^{n} \left( {I_{a + }^{n - r} [(t - a)^{\beta - 1} E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} \{ w(t - a)^{\alpha } \} ]} \right)(x), \\ \end{aligned}$$\end{document}$$
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From ([9](#Equ9){ref-type=""}), we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} &= (x - a)^{\beta + n - r - 1 - n} E_{\alpha ,\beta + n - r - n,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} \{ w(x - a)^{\alpha } \} \hfill \\ &= (x - a)^{\beta - r - 1} E_{\alpha ,\beta - r,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [w(x - a)^{\alpha } ]. \hfill \\ \end{aligned}$$\end{document}$$

**Theorem 2** {#FPar4}
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                \begin{document}$$\left( {E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} (t - a)^{r - 1} } \right)(x) = (x - a)^{\beta + r - 1} \Gamma (r)E_{\alpha ,\beta + r,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} \left( {w(x - a)^{\alpha } } \right).$$\end{document}$$

Proof {#FPar5}
-----

Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(t) = (t - a)^{r - 1}$$\end{document}$ in ([10](#Equ10){ref-type=""}), we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( {E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} (t - a)^{r - 1} } \right)(x) & = \int\limits_{a}^{x} {(x - t)^{\beta - 1} E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [w(x - t)^{\alpha } ](t - a)^{r - 1} dt} \\ & = \sum\limits_{n = 0}^{\infty } {\frac{{(\mu )_{\rho n} (\gamma )_{qn} }}{\Gamma (\alpha n + \beta )}\frac{{w^{n} }}{{(\upsilon )_{\sigma n} (\delta )_{pn} }}} \int\limits_{a}^{x} {(x - t)^{\alpha n + \beta - 1} (t - a)^{r - 1} dt} , \\ \end{aligned}$$\end{document}$$
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**Theorem 3** {#FPar6}
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                \begin{document}$$B = (b - a)^{{\text{Re} (\beta )}} \sum\limits_{n = 0}^{\infty } {\frac{{\left| {(\mu )_{\rho n} } \right|\left| {(\gamma )_{qn} } \right|}}{{[\text{Re} (\alpha )n + \text{Re} (\beta )]\left| {\Gamma (\alpha n + \beta )} \right|}}} \frac{{\left| {w(b - a)^{{\text{Re} (\alpha )}} } \right|^{n} }}{{\left| {(\upsilon )_{\sigma n} } \right|\left| {(\delta )_{pn} } \right|}}.$$\end{document}$$

Proof {#FPar7}
-----

On using the definition ([10](#Equ10){ref-type=""}) and applying Dirichlet's formula (Samko et al. [@CR5]), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\| {E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} f} \right\|_{1} & = \int\limits_{a}^{b} {\left| {\int\limits_{a}^{x} {(x - t)^{\beta - 1} } E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [w(x - t)^{\alpha } ]\,f(t)dt} \right|} dx \\ & \le \int\limits_{a}^{b} {\left[ {\int\limits_{t}^{b} {(x - t)^{{\text{Re} (\beta ) - 1}} } \left| {E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [w(x - t)^{\alpha } ]} \right|dx} \right]\left| {f(t)} \right|} dt, \\ \end{aligned}$$\end{document}$$
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                \begin{document}$$\begin{aligned} \left\| {E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} f} \right\|_{1} & \le \int\limits_{a}^{b} {\left[ {\int\limits_{0}^{b - t} {u^{{\text{Re} (\beta ) - 1}} } \left| {E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [wu^{\alpha } ]} \right|du} \right]\left| {f(t)} \right|} dt \\ & \le \int\limits_{a}^{b} {\sum\limits_{n = 0}^{\infty } {\frac{{\left| {(\mu )_{\rho n} } \right|\left| {(\gamma )_{qn} } \right|}}{{\left| {\Gamma (\alpha n + \beta )} \right|}}\frac{{\left| w \right|^{n} }}{{\left| {(\upsilon )_{\sigma n} } \right|\left| {(\delta )_{pn} } \right|}}\left[ {\frac{{u^{{\text{Re} (\alpha )n + \text{Re} (\beta )}} }}{{\text{Re} (\alpha )n + \text{Re} (\beta )}}} \right]_{0}^{b - a} } \left| {f(t)} \right|} dt \\ & = (b - a)^{{\text{Re} (\beta )}} \sum\limits_{n = 0}^{\infty } {\frac{{\left| {(\mu )_{\rho n} } \right|\left| {(\gamma )_{qn} } \right|}}{{\left| {\Gamma (\alpha n + \beta )} \right|}}\frac{{\left| w \right|^{n} }}{{\left| {(\upsilon )_{\sigma n} } \right|\left| {(\delta )_{pn} } \right|}}\frac{{(b - a)^{{\text{Re} (\alpha )n}} }}{{[\text{Re} (\alpha )n + \text{Re} (\beta )]}}} \int\limits_{a}^{b} {\left| {f(t)} \right|dt} \\ \end{aligned}$$\end{document}$$

This completes the proof.□

**Theorem 4** {#FPar8}
-------------

(Composition with Riemann--Liouville fractional integration operator) *Let*$\documentclass[12pt]{minimal}
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Proof {#FPar9}
-----

From ([10](#Equ10){ref-type=""}) and ([5](#Equ5){ref-type=""}), we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$(I_{a + }^{r} E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} f)(x) = \frac{1}{\Gamma (r)}\int\limits_{a}^{x} {\int\limits_{a}^{u} {(x - u)^{r - 1} (u - t)^{\beta - 1} } E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [w(u - t)^{\alpha } ]f(t)dt} du$$\end{document}$$

Applying Dirichlet's formula (Samko et al. [@CR5]), we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$= \int\limits_{a}^{x} {\left[ {\frac{1}{\Gamma (r)}\int\limits_{t}^{x} {(x - u)^{r - 1} (u - t)^{\beta - 1} } E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p}^{\mu ,\rho ,\gamma ,q} [w(u - t)^{\alpha } ]du} \right]} f(t)dt$$\end{document}$$

Substituting $\documentclass[12pt]{minimal}
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Again using ([5](#Equ5){ref-type=""}), this equation becomes$$\documentclass[12pt]{minimal}
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Applying ([12](#Equ12){ref-type=""}), this yields$$\documentclass[12pt]{minimal}
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The other equality can also be proved in the similar way.

**Theorem 5** {#FPar10}
-------------
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Proof {#FPar11}
-----

From ([8](#Equ8){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\left( D_{a + }^{r} E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} f \right)(x) = \left( {\frac{d}{dx}} \right)^{n} \left( {I_{a + }^{n - r} E_{\alpha ,\beta ,\upsilon ,\sigma ,\delta ,p;w;a + }^{\mu ,\rho ,\gamma ,q} f} \right)(x)$$\end{document}$$

Again using Theorem 4 and definition ([10](#Equ10){ref-type=""}),$$\documentclass[12pt]{minimal}
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The integrand in the above equation is continuous function on $\documentclass[12pt]{minimal}
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Applying same procedures as above, this led the proof of the theorem. This is easy to prove by using mathematical induction method also.
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-----
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Proof is very obvious from Lemma 1 and Theorem 6.
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-----
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On changing the order of the summation and integration then afterward applying beta function, this gives$$\documentclass[12pt]{minimal}
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Conclusion {#Sec3}
==========

In this paper, we proved some properties of generalized Mittag-Leffler functions and also used the fractional calculus approach to prove Theorems 4, 5, 6 and 7.
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